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1 Introduction 

Let X be a smooth compact algebraic surface and let f be a holomorphic foliation 
with isolated singularities on X. Denote by S ing ( f )  the set of singular points 
of f .  We say that a compact curve S is invariant by f provided S \ S ing ( f )  is 
a leaf of the foliation f / ( X  \ Sing( f ) ) .  

The purpose of this work is to give some characterizations of f in terms of its 
singularities in S. 

Recall that f is said logarithmic if there exist {)~i}l<i<n C_ C* and {Si}l<i<n 
irreducible curves such that f is locally given by the holomorphic 1-form 

co = f l  . . .  f~ Z Zi df i  where the j~ define locally Si. 
l<i<n f i  

In [CL] Theorem 1 is given a characterization of a logarithmic foliation in 
terms of its singularities in an invariant compact curve. More precisely it is 
proved that, if f is a holomorphic foliation on CI? 2 of degree m and S is an 
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114 SERGIO LICANIC 

invariant compact curve of degree n holds the relation n < m + 2 provided that S 
has only nodal type singularities (that is, singularities of normal crossing type). 
Moreover if the equality holds, then f is logarithmic. 

In this work we obtain another characterization of a logarithmic foliation as 
in [CL], but we allow that S has others type of singularities. However we must 
restrict ourselves to the case that the singularities of f in S are non-dicritical 
generalized curves, that is, in its resolution by  blow ups does not appear any 
saddle node ([CLS]). 

More precisely, if Pic(X)  := H 1 (X, O~) is the Pic~d group of X and S 2 is 
the self-intersection number of S, then we prove 

Theorem A. Let f be a holomorphic foliation on a compact algebraic surface X 
and let S be an invariant compact curve by f . Assume that one of  the following 
conditions hold: 

i) Pic(X) is isomorphic to Z or 

ii) Pic(X) is torsion free, Hi (X ,  C) = 0, S 2 > 0 and 

E BBp  ( f )  > O. 
p6Sing(f)-S 

Then, if every local separatrix of f through any p c Sing( f )  fq S is a local 
branch of  S and if every singularity of  f in S is a generalized curve, f is 
logarithmic. 

Here, the symbol B Bp (f) stands for the Baum-Bott index associated to the 
Chern number c~ of the normal sheaf of the foliation ([BB]). 

We observe that the condition 

E BBp (f) > 0 
P~sing(F)'s 

holds if each singularity of f in X \ S is linearly of Morse type (i.e. f is locally 
given by the holomorphic 1-form d(xy) + h.o.t.). This condition also holds 
when f has local holomorphic first integral around each point of X which is not 
in S. 

Now let f be a holomorphic foliation on C]P 2 of degree m, then 

E BBp(f) = (m + 2) 2. 
p~Sing(f) 
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LOGARITHMIC FOLIATIONS ON COMPACT ALGEBRAIC SURFACES I 15 

Therefore, we have tha t  ZpESing(F)  BBp(F)  < S 2 is equivalent to m + 2 _< n, 
where n is the degree of S. Consequently we have the following extension of 

the second part of theorem 1 in [CL] to compact complex surfaces. 

Proposition 3.1. Let f be a holomorphic foliation on a compact algebraic 
surface X with Hi (X ,  C) = 0 and Pic(X)  = Z. Let S be an invariant compact 
curve with only nodal type singularities. I f  

Z B Bp ( f )  <_ S 2, 

pESing(f) 

then f is logarithmic. 
This work is divided as follows: in section 2 we briefly review the Baum-Bott 

index associated to a singularity and obtain an obstruction to the existence of an 
invariant compact curve in terms of this index and the self-intersection number 
of the curve. In section 3 we give the characterization of a logarithmic foliation 

in terms of its singularities in an invariant compact curve. 

2 Preliminaries 

A holomorphic singular foliation f with isolated singularities on X can be given 
by a family of holomorphic l-forms {coi}ic1 defined on an open covering of X, 

U = {Ui}iEl,  satisfying wi = gij toj  in Ui • U j, gij E O*(Ui ('1 U j). We will 
denote by Ny the holomorphic line bundle on X obtained from the cocycle {gij }. 
This line bundle extends to X the line bundle normal to f on X \ S ing( f ) .  

Let Jr: X --+ X be the blowing-up at p c X and D = 7r - l (p)  _ X the 
exceptional line. The foliation 7 r * ( f / ( X  - {p})) of X - D has an unique 

extension to a holomorphic foliation with isolated zeros on ~7 which we denote 
by F and call the strict transformed foliation of f by zr. F is constructed in the 
following way, if w = 0 represents locally F ,  w with isolated zero at p, then 
~b = 7r* (w) has along D zeros of order mp > 1. Therefore, if locally D is given 
by the equation {f  = 0}, then the holomorphic 1-form f2 = ~) / fmp has isolated 
zeros and we define 5 ? by the holomorphic 1-form f2. 

We will use an additive notation for the Picard group of X, hence if s c 
Pic(X)  is a holomorphic line bundle and m ~ Z the symbol, ms  will denote the 

holomorphic line bundle s174 Now, it is not difficult to see that the effect of the 
blowing-up 7r on the line bundle above introduced is: 

N*~ = 7r*(N~) | mpO2(D), (2.1) 

where N~ is the dual line bundle of N F, and O 2 (D) is the holomorphic line 

bundle defined on X by the divisor D. 
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In this work a singularity p of f is called dicritical if the exceptional line 
introduced by one blowing-up is not invariant by o@, otherwise p is called non 
dicritical. We recall that rn p = Vp ( f )  if p is non-dicritical and m p = Vp ( f )  q- 1, 

if p is dicritical, where Vp(f)  is the order of the first non-zero jet of w at p which 
is called the algebraic multiplicity of f at p. 

Associated with a singularity p of f we have the Baum-Bott index which 
permits to measure how the line bundle N F is related with the singularities of 
the foliation. 

Let us denote B Bp ( f )  the Baum-Bott index at p, that is, if p 6 X is an isolated 
singularity of f and if f is given locally by the holomorphic 1-form 

co = P(x,  y)dy - Q(x, y)dx with gcd(P, Q) = 1 and p = (0, 0) 

then, 

1 2 B B o ( f )  := (~7~/) ~ (TrJ(x'-y))2 dxdy,  
P(x,  y)Q(x,  y) 

where J(x,  y) is the Jacobian matrix of (P, Q), P = {(x, y) I IP(x, y)[ = 
I Q(x, y)L = ~} for sufficiently small number e. > 0 and P is oriented in such a 
way that the form d(argP) A d(argQ) is positive. 

We note that B Bp(f) = 0 holds if f has holomorphic first integral in a 
neighbourhood of p. We also have B B p ( f )  = 0 when f is linearly of Morse 
type in p (that is in a neighbourhood of p f is given by the holomorphic 1-form 
d(xy) + h.o.t.). 

Now, set B B ( f )  :=  ~-~p<Sing(f) BBp(f), then the Baum-Bott formula (see 
[BB]) asserts: 

B B ( f )  = c~(Nf),  (2.2) 

where cl (.) denotes the first Chern class. 
The next proposition gives an obstruction to the existence of compact invari- 

ant curves for holomorphic foliations. First we recall the Gomez Mont-Seade- 
Verjovsky index, Let S be an invariant compact curve by f .  Given a singularity 
p of f in S, in [GSV] it is introduced an index which is a kind of generalization 
of the usual Poincar6 index associated to a vector field. This index enable us to 
relate how the restriction of the line bundle Ny to an invariant compact curve 
differs from the self-intersection number of the curve. 

In fact, if GSVp(f, S) C • is the above index in p ~ S ing( f ) ,  it was proved 
in [Brl], Lemma 3, that 

G S V ( Z ,  S) := Z G S V p ( f  , S) = c l (Uf )S  - S 2, (2.3) 
pESASing(f)  
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where S 2 denotes the self-intersection number of S. 

Proposition 2.1. Let jr  be a holomorphic foliation on a compact algebraic 

surface X and let S be an invariant compact curve with non-negative self- 
intersection number. I f  G S V  (Jr, S) = O, then 

BB(Jr) < S 2 

Proof. By Baum-Bott formula we know that BB(Jr) = c~(Nf) .  On the other 
hand by (2.3) q ( N $ ) S  = S 2, which implies Cl(Ny | O x ( - S ) ) S  = 0. Now, 
by the Hodge index theorem (see [BPV] pag. 120) we conclude that c2(N$ | 

O x ( - S ) )  < O. Indeed if c2(Nf  | O x ( - S ) )  > 0 then S would be homologous 
to zero in H2(X, Q). Hence SL = 0 for every divisor L on X. We will prove 
that this is impossible. Embed X in CI? N, by Bertini's Theorem there exists a 
hyperplane H in C]P x transversal to both X and S and such that H n S 7~ 0. Let 

L = X N H, then L N S is a discrete set of points, {Xi}l<i< n and therefore 

SL = Z [xi] = nip], 
l< i<n  

where [xi] and [p] are the homological class of xi and a point respectively in 
Ho(X, Z). Then, SL ~ 0 contradiction. Thus c2(Ny | O x ( -  S)) < O, that is, 

c~(Xy) + S 2 - 2cI(NF)S < 0 

which implies, by (2.2) and (2.3) that BB(Jr) < S 2. [] 

We say that a singularity of a holomorphic foliation is of radial type if the 
holomorphic foliation can be given locally by the holomorphic 1-form co = 
xdy  - ydx.  We say that a holomorphic foliation on CIP 2 is the radial foliation if 
all its leaves are projective lines that meet at one point. Let m be the degree of a 
foliation on CI? 2 as was introduced in [L], then a holomorphic foliation on CI? 2 
is the radial foliation iff m is equal to zero. 

As corollary of the above proposition we have 

Corollary 2.1. Let Jr be a holomorphic foliation on CI? 2 of degree m and let 
S be an invariant compact curve. I f  each singularity of Jr in S is of  radial type 
and i f#S ing( j r )  N S < m + 1, then Jr is the radial foliation. 

Proof. Let X be the compact complex surface obtained by one blow up at each 
singularity of Jr in S and denote 7c" X --+ C~ 2 that sequence of blow ups. Let 3 ? 
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be the strict transformed foliation of f by 7r and let S be the strict transform of S 
by ~r. Then, .T leaves invariant S and Sing(.T) n S = 0. Denote { O p } p 6 S i n g ( f ) n  S 

the set of exceptional lines introduced by 7r. We get by (2.1) and Baum-Bott 
formula (2.2): 

2 �9 
= c1 ( N } )  

= (~'*q (N}) + Z 2Dp)2 
p~Sing(f)NS 

= Cl2(Nf) - 4#(Sing( f )  n S). 

On the other hand, from the index theorem of Camacho-Sad ([CS]), we have 
~2 = 0. Now, by proposition 2.1 we conclude that c2(Ny) < 4#(Sing( f )  N S). 

But (2 + m) 2 = c~(N$) (for an elementary proof of this fact see [LS] pag. 
94). Therefore (m + 2) 2 _< 4(m + 1). That is, m = 0 and consequently f is the 
radial foliation. [] 

Remark 2.1. The condition # S i n g ( f )  N S <_ m § 1 in the above corollary is 
necessary as it is showed in the next example: Let f be the pencil generated by 
two quadrics which intersect transversally. Then, if S is one of the quadrics, we 
have that all singularities o f f  in S are radial. But here m = 2 and # S i n g ( f )  n 
S = 4 .  

3 Proof of the results 

First recall the following result of Deligne. 
Let X be a compact smooth algebraic variety of dimension n. Let D = 

Zl<_i<k Si be a reduced normal crossing divisor on X. That is, { Si } l <_i <_k are  

smooth codimension-one analytic sets on X and they intersect everywhere transver- 
sally. 

A 1-form with at most a logarithmic pole along D is, by definition, a linear 
combination of dzl dZr d,  �9 --'zl .... 727,~ ~r~-,, ..., dzn with coefficients holomorphic func- 
tions. The set of all local 1-forms as above define a holomorphic sheaf of rank 
n which we call a l ( logD) .  If we set a~(logD) := A p f21(logD) we have 
a complex with the usual differentiation. A result of Deligne asserts that, if 
f2 c H~ ~P(logD)) (that is, S2 is a global section of the sheaf f2P(IogD)), 
then ~2 is closed (see [D] pag. 39). 

The sheaf S2 p (logD) can be alternatively defined in the following way. Let f 
be any local defining function for D. Then, s p (logD) is the set of meromorphic 
p-forms S2 such that fS2 and fdS2 are holomorphic forms in X (see [D] page 31). 

Bol. Soc. Bras. Mat., Vol. 31, No. 1, 2000 



LOGARITHMIC FOLIATIONS ON COMPACT ALGEBRAIC SURFACES i 19 

Lemma 3.1. Let X be a compact algebraic surface with HI(x ,  C) = 0 and 
Picard group torsion free. Let f be a holomorphic foliation on X and let S be 
an invariant compact curve with only nodal type singularities. I f  the holomorphic 
line bundle N* y | Ox (S) is holomorphically trivial, then f is logarithmic. 

Proof. Let U = {U~ }~ca be an open covering of X such that SNU~ = {f~ = 0} 
with f~ reduced and F given in U~ by the holomorphic 1-form w~. 

We know that g ~  E O*(U~ 7 /Ug)  with w~ = g,~wg are the transition 
functions of N F and that fag 6 O* (U~ N Ug) with f~ = f ~  fg are the transition 
functions of Ox (S). Then, since N* F | Ox(S) is a holomorphically trivial line 

bundle there exist p~ 6 0 * ( U ~ )  such that g2~ f@ = p~p~l for every pair {a, fi}. 
Then, there is a global meromorphic 1-form f2 defined in each U~ by 

~1~~ - 

This global meromorphic 1-form has its divisor of poles along S, moreover 
f~f2 is a holomorphic 1-form for every o~. We also have that f~df2 is a holomor- 
phic 1-form for every or. Indeed since S is an invariant compact curve by f and 
f~ is reduced we get that w~/x df~ = f~lz~ for some holomorphic 2-form/z~. 
Then, 

f~dS2 = p~dw~ + dp~ /~ w~ - p~Iz~. 

Therefore f ,  df2 is holomorphic. Since S has only nodal type singularities and 
f2 and dr2 have simple poles along S we have, by the aforementioned result 
of Deligne, that S2 is closed. Let S1, $2 . . . . .  Sn be the decomposition of the 
polar divisor of S2 in its irreducible components. For each Sj take a section 

�9 - J f• S2, where is a closed curved in X - Sj f j  c Ox(Sj)  and set )~j . -  2~ YJ 
oriented in such a way that 

1 ~ d f J  l 
27ri j f j  

Now, by the residue theorem, we have 

E ~iCl(S i )  = 0 .  (3.1) 
l• 

On the other hand, since the Picard group of X is torsion free we know that 
there exist holomorphic line bundles s i = 1 . . .  g, such that H 1 (X, O~) = 
(L1) | .- .  | (L~), where s is without torsion. 
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Let U = { U~ }~ca be an open covering of X and let h~,i c O*(U~ A U~) be the 

transition function of s Now, if  Si A U~ = {f~,i = 0} for some f~,i c O(U~) 
�9 - -  f e ~ , i  we get that f//3 .-- YT are the transition functions of Ox(S~). Therefore for 

each i = 1 , . . . ,  n there exist {k}}l<j<e C Z and pc~,i C O * ( U o ~ )  such that 

f i  -1 kl lc~ ~ .__ fe,,i and set f~ , i  "-- L.i czfl : Pa,iPfl,i(hcefl, 1 "" .h~,e). Set f a , i  . - -  p~.~ . - -  ~ we assert 

that 

2 Xidf=c~fi'i - - 0 .  

l<i<~, f~[~,i 

To prove this assertion observe that 

Z ~i d/~`6,~ 
l<_i<_n f~, i  

i dh~`6 j 
Z 

l< j<~ l<i<n 

We will prove that Y~<i<n )~iki = 0 for every j = 1 . . . . .  g. Let {~b~}~cA 
C~(X)  be a partition of unity subordinated to the covering 21. Then, the first 
Chern class as a C ~ 2-form can be given locally by: 

dh~`6,i 
CI(Li)IUe, : d ( Z  (96 haft, i ) and cI(S i )[U ~ : d ( Z  ~`6df_~ 

`6 i~ fcqLi 
(3.2) 

Therefore from (3.1) and (3.2) we get that 

( 
l<_j<g l<i<n 

Since H 1 (X, C) = 0 we see that the first Chern class, as an application from 
H 1 (X, O*) to H2(X, Z), is injective. Then, {cl (s are Z- l inea r ly  indepen- 
dent in H 2 (X, Z), therefore they are C- l inea r ly  independent in H 2 (X, C) (recall 

that H2(X, C) : H 2 ( X ,  Z )  @ C ) .  Thus, Y~l<_i<,~ ,~.ik} = O. 
Now, we have 

I2 
l<i<n fafi,i 

and therefore we can define a global meromorphic 1-form with simple poles at 
S by: 

, dfe~i 
 luo = " 

l<i<n fc~,i 
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Then, f2 - r/is a global holomorphic 1-form in X. But H 1 (X ,  C)  = 0 implies 

that there is not non-trivial global holomorphic 1-form (recall that, by the Hodge 
decomposition theorem, H 1 (X, C) = H 1 (X, Ox) | H~ T 'X)) ,  therefore 

S2 = rl and this implies that f is logarithmic. [] 

Let X be a compact algebraic surface, let f be a holomorphic foliation and 
let S be an invariant compact curve. In the next two lemmas we give sufficient 
conditions to ensure that N )  | Ox (S) is holomorphically trivial. 

Lemma 3.2. Let X; f and S be as above. Suppose that the Picard group of  X 
is torsion free and H 1 (X, C) = 0. In addition suppose 

i) S 2 > O. 

ii) For each p E Sing( f )  • S any local separatrix o f f  through p is a local 
branch of S at p. 

iii) The singularities o f f  in S are generalized curves. 

iv) Z p c S i n g ( f )  S B B p ( f )  > O. 

Then, N[r@ Ox(S) is holomorphically trivial. 

Proof. Since every singularity of f in S is a non-dicritical generalized curve 

and since every local separatrix of f through any p E S ing( f )  A S is a local 
branch of S we have G S V ( f ,  S) = 0 (see [Br2]). Then, by condition i_ and 
proposition 2.1, we obtain that B B ( f )  <_ S 2. 

On the other hand, if CSp(f, S) is the Camacho-Sad index associated to 
the singularity p E S we have CSp(f, S) = BBp(f) (see [Br2]). Thus, by 
condition iv_ and Camacho-Sad index theorem ([CS]), we conclude that S 2 _< 

S 2" B B ( f ) .  Hence c~(Nf) = B B ( f )  = 
Now, by (2.3), we obtain Cl (NF)S = S 2. Therefore, we have the equalities 

2 * c l ( N  T | Ox(S)) = 0 and Cl(N[r | Ox(S))S = O. 

Then, by Hodge Index Theorem we get that Cl (N~. N Ox (S)) is homologous 
to 0 in HZ(x, Q). As consequence, for some m E N, mcl(N[r | Ox(S)) is 
homologous to 0 in HZ(x, •). On the other hand, since H i ( x ,  C) = 0 we 
obtain that H 1 (X, Ox) = 0 by the Hodge decomposition theorem. Therefore, 
the first Chern class as an application from H l (X, O*) to H2(X, Z) is injective. 
Thus m(N~ | Ox (S)) is a holomorphically trivial line bundle and this implies 
that N~ N Ox(S) is a holomorphically trivial line bundle since H 1 (X, O*) is a 

torsion free group. [] 
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Remark  3.1. For the proof of the following lemma we recall that, by a theorem 
of Kodaira, a compact complex surface is algebraic if, and only if, there exists a 
holomorphic line bundle M with c~(M) > 0 (see [BPV] page 126). Therefore, if 
X is a compact algebraic surface with Picard group generated by the line bundle 
s we have c2(s > O. 

Lemma 3.3. Let X, jr and S as the former lemma. Suppose that the Picard group 
of  X is isomorphic to Z, G SV (jr, S) >_ 0 and BB(j r )  < S 2. Then, N[v | Ox( S) 
is holomorphically trivial. 

Proof. By Baum-Bott formula (2.2) we know that c2(Ny) = BB(jr)  and by 
(2.3) cl (NF)S > S 2. Then 

2 * 
s  | O x ( S ) )  = c ~ ( N f )  "-[- S 2 - 2 c l ( N y ) S  

< c 2 ( N f )  - S 2 < 0 

Hence, 2 * , c~ (N)  | Ox(S)) <_ O. But then, we have Nit N Ox(S) = ks where 
k c Z and s is a line bundle which generates Pic(X)  as a group. 

N o w ,  

k 2 c ~ ( 2 )  2 * = c I (Nit @ Ox(S)) < O. 

Then, k = O. Therefore N )  | Ox (S) must be a holomorphically trivial line 
bundle. [] 

Before proving theorem A let us see a simple extension of theorem 1 in 
[CL] to compact algebraic surfaces X with Picard group isomorphic to Z and 
Hi(X ,  C) = 0. 

Proposition 3.1. Let jr be a holomorphic foliation on a compact algebraic 
surface X with HI(X,  C) = 0 and Pic(X)  = Z. Let S be an invariant compact 
curve with only nodal type singularities. I f  B B ( F  ) <_ S 2, then F is logarithmic. 

Proof. Note that GSV(jr ,  S) >_ 0 since S has only nodal type singularities 
(this is consequence of, for example, the algebraic index formula given in [G]). 
Therefore lemma 3.3 together with lemma 3.1 give the proposition. [] 

Recall that a singularity is said non-degenerated if the linear part of the vector 
field which locally induces the foliation has non-zero eigenvalues. 

Corollary 3.1. Let jr be a holomorphic foliation on a compact algebraic surface 
X with H i ( x ,  C) = 0 and Pic(X)  = Z. Let S be an invariant compact curve 
with only nodal type singularities. I fSing(jr)NS = Sing(S) and the singularities 
o f F  in S are non-degenerated, then F is logarithmic. 
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Proof. By using the algebraic index formula given in [G] we get GSV(.T,  S) = 
0. By remark 3.1 we see that S 2 > 0. Therefore by proposition 2.1, B B (.T) _< S 2. 
Now, by the former proposition we conclude that .T is logarithmic. [] 

The next lemma will be used in the proof of theorem A. First let us introduce 
some notation. 

Let X be a compact algebraic surface and let S be a compact curve on X. Set 
So = S, X0 = X and let Si+l be the strict transformed curve of Si by 7ri+1, 
where 7ri+l is the blow up of the surface Xi with center Pi G Si. 

Let Di,o be the exceptional line introduced in Xi by 7~i. For each j > i + 1 let 
D i , j _  i be the strict transform of Di ,o  by the composition 7"Ci+ 1 0  71"i+ 2 0  �9 �9 �9 O 7 g j  : 

Xj --+ Xi. Let ~i,~ be the algebraic multiplicity of Di,k in Pi+k. Then, by 
elementary properties of the blow up, 7ri*+k+l (Di,~) = Oi,k+l n t- ~i,kDi+k+l,O. In 
fact ,  7Vi*+k+l (Di,k) = D + 6i,kDi+k+l,O, where D is the strict transform of Di,k by 
ai+~+l (see [GH] page 475). On the other hand, since Di,~ is the strict transform 
of Di,o by 7ci+1 o ~i+2 o �9 �9 �9 o Yri+ k we get that D is the strict transform of Di,0 by 

7 g i +  1 0 7 g i +  2 o �9 �9 �9 o 7gi+ k o ~ i + k + l .  That is O = Oi ,k+  1 . 

Let us denote Dk :----- Ui+j=kDi,j. 

Lemma 3.4. Let X, S and Dn be as above. Let .T be a holomorphic foliation on 
X with a singularity in Po c S which is a generalized curve. In addition suppose 
that any local separatrix o f f  through Po is a local branch of  S. Then, 

N #  ~ �9 �9 . # f,  | (7Ilo orcn) ( N ~ |  

where f n is the strict transformed foliation o f f  and S,, is the strict transformed 
curve o f  S by ~1 o " "  o Jrn. 

Proof. We use the notation introduced in the above paragraph. 
Set .To := f and let .Ti+l be the strict transformed foliation of .Ti by zri+l, 

where i = 0 ..... n - 1. We know that rc*(Si_~) = Si + I~i-iDi,o , where/~i-1 is 
the algebraic multiplicity of Si-1 at pi-1 (see [GH] page 475). 

Since every local separatrix of f i  through any Pi E Sing(.Ti) A (Si U Di) 
is a local branch of Si U Di and Pi is a generalized curve, we have by [CLS] 
theorem 3: 

mpi -t- 1 = #i + Z (~k,j for every i, 

k + j  = i ,  
k>_l  

where mpi is the algebraic multiplicity of f i  at Pi and ~k, j  is the algebraic 
multiplicity of Dk,j in Pj+k. 
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Now, we can prove the 1emma by induction in the number of blow ups: If 
n = 0 there is nothing to prove. Let us suppose that the lemma is true for every 
k < n and we will prove that it is also tree for n. 

N* :rr * { N* f,, | O(Sn)  @ O(Ui+j=nDi , j )  = ,~, J'n-i @ O(Srt I)) @ 

@ (mp,_~ --  /z n I + 1)Dn,0 @ O ( U i + j  n , j>_lDi , j )  

= 7g,*(N~,, ~ @ O ( S n _ l ) )  @ (rap,, 1 - t~n-1 + l ) D n , 0  @ 

@ O(ui+j=n, j>_l  {7 r , * (D i , j - l )  --  ~ i , j - I  Dn,0}) 
= yr,*(Nfr,,_, | O(S,, 2) | O(Ui+j=n,.]>lDi,j-l)) @ 

@ (mp~, l --  Id, n - I  -+- 1 - E (~i,j 1)Dn,0 
i+ j=n, j>l  

: Jr*ON* n" J;~_, @ O ( S n  1) @ O ( U i + j = n - l D i , j ) )  

�9 , rc*tN* - -  .Tg n 0 7"(rl_l 0 ' ' '  0 @ O ( S o )  ) [] 
- -  l ~ f o  

Now, we can prove theorem A. 

P r o o f  o f  t h e o r e m  A. It is well known that there exists a sequence of blow ups 
at points of S 

Xn _fi~ Xn 1 ~"-~ " "  > - - + X l ~ X  

such that S U D is a normal crossing divisor on Xn, where S is the strict transform 
of S and D is the exceptional divisor introduced by the above sequence of blow 
ups. Then, by the former lemma N~ @ O (S U D) = (Tq o . . -  o 7rn )* (N:~ | O (S)). 

Observe that G S V ( F ,  S) = 0 and S 2 > 0 by [Br2] and remark 3.1, respec- 
tively. Therefore, by proposition 2.1 we get that B B ( f )  <_ S 2. 

Now, by lemma 3.3 if we are in case i_, or by lemma 3.2 if we are in case 
ii , we get that N~ | O(S)  is holomorphically trivial. Thus, N* @ O(S U D) 

- f 

is holomorphically trivial. Finally, by lemma 3.1, we get that 5 ? is logarithmic 

and this implies that f is logarithmic. [] 
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