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Abstract. Let F be a holomorphic singular foliation with an invariant compact curve
S on a compact algebraic surface X. In this work we prove that ¥ is logarithmic under
some generic conditions in the singularities of F in S.

Keywords: Holomorphic foliation, Indices of singularities, Invariant compact curves,
Hodge index theorem.
Mathematical subject classification: 34A20-58F18.

1 Introduction

Let X be a smooth compact algebraic surface and let F be a holomorphic foliation
with isolated singularities on X. Denote by Sing(F) the set of singular points
of F. We say that a compact curve S is invariant by F provided S \ Sing(F) is
a leaf of the foliation F/(X \ Sing(F)).

The purpose of this work is to give some characterizations of F in terms of its
singularities in S.

Recall that F is said logarithmic if there exist {A;}1<i<, € C* and {S;}1<i<,
irreducible curves such that ‘F is locally given by the holomorphic 1-form

df;
o=fi... fo ) A"Tf where the f; define locally ;.

1<i<n

In [CL] Theorem 1 is given a characterization of a logarithmic foliation in
terms of its singularities in an invariant compact curve. More precisely it is
proved that, if F is a holomorphic foliation on CP? of degree m and S is an
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invariant compact curve of degree n holds the relation n < m + 2 provided that S
has only nodal type singularities (that is, singularities of normal crossing type).
Moreover if the equality holds, then F is logarithmic.

In this work we obtain another characterization of a logarithmic foliation as
in [CL], but we allow that S has others type of singularities. However we must
testrict ourselves to the case that the singularities of F in S are non-dicritical
generalized curves, that is, in its resolution by blow ups does not appear any
saddle node ([CL.S]).

More precisely, if Pic(X) := H'(X, O%) is the Picard group of X and $? is
the self-intersection number of S, then we prove
Theorem A. Let F be a holomorphic foliation on a compact algebraic surface X
and let S be an invariant compact curve by ‘F. Assume that one of the following
conditions hold:

i) Pic(X) is isomorphic to 7 or

ii) Pic(X) is torsion free, H'(X,C) =0, §* > 0 and

2. BB =0

peSing(F)—S

Then, if every local separatrix of F through any p € Sing((F) N S is a local
branch of S and if every singularity of ¥ in S is a generalized curve, F is
logarithmic.

Here, the symbol B B,(f) stands for the Baum-Bott index associated to the
Chern number ¢? of the normal sheaf of the foliation ([BB]).

We observe that the condition

Y. BB >0

peSing(F)—S

holds if each singularity of F in X \ S is linearly of Morse type (i.e. F is locally
given by the holomorphic 1-form d(xy) + h.o.t.). This condition also holds
when F has local holomorphic first integral around each point of X which is not
in S.

Now let F be a holomorphic foliation on CP? of degree m, then

> BB, (F)=(m+2)7

peSing(F)
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LOGARITHMIC FOLIATIONS ON COMPACT ALGEBRAIC SURFACES 115

Therefore, we have that ) ...y BB,( F) < §%is equivalent to m + 2 < n,
where n is the degree of S. Consequently we have the following extension of
the second part of theorem 1 in [CL] to compact complex surfaces.

Proposition 3.1. Let F be a holomorphic foliation on a compact algebraic
surface X with H' (X, C) = 0 and Pic(X) = Z. Let S be an invariant compact
curve with only nodal type singularities. If

Y BB,(P =S

peSing(F)

then T is logarithmic.

This work is divided as follows: in section 2 we briefly review the Baum-Bott
index associated to a singularity and obtain an obstruction to the existence of an
invariant compact curve in terms of this index and the self-intersection number
of the curve. In section 3 we give the characterization of a logarithmic foliation
in terms of its singularities in an invariant compact curve.

2 Preliminaries

A holomorphic singular foliation F with isolated singularities on X can be given
by a family of holomorphic 1-forms {w;};<; defined on an open covering of X,
U = {U;}jes, satisfying w; = g;;w; in U; NU;, gy € OF(U; NU;). We will
denote by Ny the holomorphic line bundle on X obtained from the cocycle {g;;}.
This line bundle extends to X the line bundle normal to F on X \ Sing(F ).

Let 7: X — X be the blowing-up at p € X and D = 7~ '(p) C X the
exceptional line. The foliation 7*(F/(X — {p})) of X — D has an unique
extension to a holomorphic foliation with isolated zeros on X which we denote
by F and call the strict transformed foliation of F by 7. F is constructed in the
following way, if w = O represents locally F, w with isolated zero at p, then
w = m*(w) has along D zeros of order m, > 1. Therefore, if locally D is given
by the equation { f = 0}, then the holomorphic 1-form 2 = @/ f™* has isolated
zeros and we define F by the holomorphic 1-form .

We will use an additive notation for the Picard group of X, hence if £ €
Pic(X) is aholomorphic line bundle and m € Z the symbol, m £ will denote the
holomorphic line bundle £®™. Now, it is not difficult to see that the effect of the
blowing-up 7 on the line bundle above introduced is:

N% = 7" (N}) ® m,05(D), @.1)

where N7 is the dual line bundle of Ny, and Oy (D) is the holomorphic line
bundle defined on X by the divisor D.
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In this work a singularity p of F is called dicritical if the exceptional line
introduced by one blowing-up is not invariant by ¥, otherwise p is called non
dicritical. Werecall thatm,, = v,(F) if pisnon-dicriticalandm, = v,(F)+1,
if p is dicritical, where v, (F) is the order of the first non-zero jet of w at p which
is called the algebraic multiplicity of ‘F at p.

Associated with a singularity p of F we have the Baum-Bott index which
permits to measure how the line bundle Ny is related with the singularities of
the foliation.

Letus denote B B, (F) the Baum-Bott index at p, thatis, if p € X is anisolated
singularity of F and if F is given locally by the holomorphic 1-form

o= P, y)dy— Q(x, y)dx with gcd(P, Q) =1 and p = (0,0)

then,

VRN M
BBF) =G | panoa y ™

where J(x, y) is the Jacobian matrix of (P, Q), I' = {(x,y) | |P(x,y)| =
|Q(x, y)| = €} for sufficiently small number € > 0 and I is oriented in such a
way that the form d(arg P) A d(arg Q) is positive.

We note that BB,(f) = 0 holds if F has holomorphic first integral in a
neighbourhood of p. We also have BB,(f) = 0 when F is linearly of Morse
type in p (that is in a neighbourhood of p F is given by the holomorphic 1-form
d(xy) + h.o.t.).

Now, set BB(F) = Zpesmg(f) BB, (), then the Baum-Bott formula (see
[BB]) asserts:

dy,

BB(F) = c{(Nyg), 2.2)

where c;(.) denotes the first Chern class.

The next proposition gives an obstruction to the existence of compact invari-
ant curves for holomorphic foliations. First we recall the Gomez Mont-Seade-
Verjovsky index: Let S be an invariant compact curve by ‘F. Given a singularity
pof Fin S, in [GSV] it is introduced an index which is a kind of generalization
of the usual Poincaré index associated to a vector field. This index enable us to
relate how the restriction of the line bundle N4 to an invariant compact curve
differs from the self-intersection number of the curve.

In fact, if GSV,(F, S) € Z is the above index in p € Sing(F), it was proved
in [Brl], Lemma 3, that

GSV(F.S) =Y GSV,(F.S)=ci(Ns)S— S 2.3)
peSNSing(F)
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where S? denotes the self-intersection number of S.

Proposition 2.1. Let ¥ be a holomorphic foliation on a compact algebraic
surface X and let S be an invariant compact curve with non-negative self-
intersection number. If GSV (F, S) = 0, then

BB(F) < §*

Proof. By Baum-Bott formula we know that BB(‘F) = c% (N). On the other
hand by (2.3) c;(N5)S = S?, which implies ¢;(Ny @ Ox(—S5))S = 0. Now,
by the Hodge index theorem (see [BPV] pag. 120) we conclude that c}(Ny ®
Ox(—5)) < 0. Indeed if c%(Nf ® Ox(—S)) > 0 then S would be homologous
to zero in H%(X, Q). Hence SL = 0 for every divisor L on X. We will prove
that this is impossible. Embed X in CP", by Bertini’s Theorem there exists a
hyperplane H in CP" transversal to both X and § and such that H NS # @. Let
L =X N H,then L N § is a discrete set of points, {x;}<;<, and therefore

SL= Y [x]=nlpl,

1<i<n

where [x;] and [p] are the homological class of x; and a point respectively in
Hy(X, Z). Then, SL # 0 contradiction. Thus c%(Nf ® Ox(—S8)) < 0, that is,

ci(Ny) + §* —2¢1(N4)S < 0

which implies, by (2.2) and (2.3) that BB(‘F) < §°. ]

We say that a singularity of a holomorphic foliation is of radial type if the
holomorphic foliation can be given locally by the holomorphic 1-form & =
xdy — ydx. We say that a holomorphic foliation on CP? is the radial foliation if
all its leaves are projective lines that meet at one point. Let m be the degree of a
foliation on CP? as was introduced in [L], then a holomorphic foliation on CP*
is the radial foliation iff m is equal to zero.

As corollary of the above proposition we have

Corollary 2.1. Let F be a holomorphic foliation on CP? of degree m and let
S be an invariant compact curve. If each singularity of F in S is of radial type
and if #Sing(‘FYN S <m + 1, then F is the radial foliation.

Proof. Let X be the compact complex surface obtained by one blow up at each
singularity of F in S and denote 7 : X — CP” that sequence of blow ups. Let ¥
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be the strict transformed foliation of F by 7 and let S be the strict transform of S
by . Then, jt" leaves invariant S and Sing( f n S = @. Denote {Dp} pesing(rins
the set of exceptional lines introduced by m. We get by (2.1) and Baum-Bott
formula (2.2):

BB(f) = ¢{(N})

=@ aNpH+ Y. 2D,
peSing(FNs
= c}(N§) — 4#(Sing(F) N S).

On the other hand, from the index theorem of Camacho-Sad ([CS]), we have
S = 0. Now, by proposmon 2.1 we conclude that ¢ 2(N ) < 4#(Sing(F) N S).

But (2 + m)? = ] (N ) (for an elementary proof of this fact see [LS] pag.
94). Therefore (m +2)> < 4(m + 1). Thatis, m = 0 and consequently F is the
radial foliation. [l

Remark 2.1. The condition # Sing(F) N S < m + 1 in the above corollary is
necessary as it is showed in the next example: Let 'F be the pencil generated by
two quadrics which intersect transversally. Then, if S is one of the quadrics, we
have that all singularities of F in § are radial. But here m = 2 and # Sing(‘F) N
S =4,

3 Proof of the results

First recall the following result of Deligne.

Let X be a compact smooth algebraic variety of dimension n. Let D =
Zl<i<k S; be a reduced normal crossing divisor on X. That is, {S;};<;<x are
smooth codimension-one analytic sets on X and they intersect everywhere transver-
sally.

A 1-form with at most a logarithmic pole along D is, by definition, a linear
combination of dzl‘ . dz’ ,dz,11, ..., dz, with coefficients holomorphic func-
tions. The set of all local 1-forms as above define a holomorphlc sheaf of rank
n which we call Q;(logD) If we set QF y(logD) = AN Ql x(ogD) we have
a complex with the usual differentiation. A result of Deligne asserts that, if
Qe HY(X, QP +(log D)) (that is, Q2 is a global section of the sheaf Qb x(ogD)),
then 2 is closed (see [D] pag. 39).

The sheaf Q% (log D) can be alternatively defined in the following way. Let f
be any local defining function for D. Then, Q% (log D) is the set of meromorphic
p-forms €2 such that f€2 and fd <2 are holomorphic forms in X (see [D] page 31).
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Lemma 3.1. Let X be a compact algebraic surface with H'(X,C) = 0 and
Picard group torsion free. Let F be a holomorphic foliation on X and let S be
an invariant compact curve with only nodal type singularities. If the holomorphic
line bundle N ® Ox(S) is holomorphically trivial, then [F is logarithmic.

Proof. Let U = {U,}4ca be an open covering of X such that SNU, = {f, = 0}
with f, reduced and F given in ‘U,, by the holomorphic 1-form w,.

We know that g,z € O*(U, N Up) with wy, = gupwy are the transition
functions of N and that f,5 € O* (U, NUp) with f, = f,s fp are the transition
functions of @x(S). Then, since N } ® Ox(S) is a holomorphically trivial line
bundle there exist p, € O*(U,) such that g;ﬂl Jap = Pa pﬁ_1 for every pair {«, B}.
Then, there is a global meromorphic 1-form €2 defined in each U, by

[
QI’UQ — Pa cz'

fo
This global meromorphic 1-form has its divisor of poles along S, moreover
f2$21s aholomorphic 1-form for every a. We also have that £,d <2 is a holomor-
phic 1-form for every . Indeed since S is an invariant compact curve by F and

fo 1s reduced we get that w, A dfy = fyliy for some holomorphic 2-form gi,,.
Then,

JodQ2 = ppdwy + dpy AWy — Pyl

Therefore f,d<2 is holomorphic. Since S has only nodal type singularities and
2 and d$2 have simple poles along S we have, by the aforementioned result
of Deligne, that €2 is closed. Let Si, S7,..., S, be the decomposition of the
polar divisor of € in its irreducible components. For each S; take a section
fi € Ox(S;) and set &; := 5%; fy,- 2, where y; is a closed curved in X — S;
oriented in such a way that

L,
2mi Vi i

Now, by the residue theorem, we have

Z ric1(Si) = 0. (3.1)

On the other hand, since the Picard group of X is torsion free we know that
there exist holomorphic line bundles £;, i = 1...¢, such that H'(X, 0y) =
(L) & - D (L), where L; is without torsion.
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Let'U = {Uy}uca be an open covering of X and let 5 ; € O*(U, NUp) be the

transition function of £;. Now, if S; N U, = {f,,; = 0} for some f,; € O(U,)
fui

we get that foiﬂ = g, are the transition functions of Ox(S;). Therefore for
eachi = 1,...,n there exist {ki.}1<j<g C Z and p,; € O*(U,) such that
k [Zl LYI
flg = pa,p,gl(ha,g1 g ) Set foi = 220 and set fup; = j;
that ~
dFa.
)\,‘ faﬂ’l = 0
I<i<n af.i

To prove this assertion observe that

Zxdfaﬂl 3wk T

1<i<n O‘ﬁ’ I<j<¢ l<i=<n

We will prove that -, _,_, Ak} = 0 forevery j = 1,..., £ Let {¢a)aca €
C*(X) be a partition of unity subordinated to the covering U. Then, the first
Chern class as a C* 2-form can be given locally by:

faﬂz
af,i

e (L)ly, = d(2¢> e #) and cl(S)lUd—d(Zgbﬁ (32)

Therefore from (3.1) and (3.2) we get that

YO Mk)eLy) =0.

l<j<¢ l<i<n

Since H' (X, C) = 0 we see that the first Chern class, as an application from
H(X, %) to H*(X, Z), is injective. Then, {c1(£)}; are Z—linearly indepen-
dentin H*(X, 7), therefore they are C—linearly independent in H2(X, C) (recall
that H*(X, C) = H*(X,Z) ® C). Thus, }_, ;. Lk} =0.

Now, we have

> 3 e g

I<i<n of.i

and therefore we can define a global meromorphic 1-form with simple poles at

S by:
dfaz
Ai——
=2 N

1<i<n
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Then, Q — 7 is a global holomorphic 1-form in X. But H!(X, C) = 0 implies
that there is not non-trivial global holomorphic 1-form (recall that, by the Hodge
decomposition theorem, H' (X, C) = H'(X, Ox) & H°(X, T*X)), therefore
Q = p and this implies that F is logarithmic. L

Let X be a compact algebraic surface, let F be a holomorphic foliation and
let S be an invariant compact curve. In the next two lemmas we give sufficient
conditions to ensure that N j ® Ox(S) is holomorphically trivial.

Lemma 3.2. Let X, F and S be as above. Suppose that the Picard group of X
is torsion free and H' (X, C) = 0. In addition suppose

i) S* > 0.

ii) For each p € Sing((F) N S any local separatrix of F through p is a local
branch of S at p.

iii) The singularities of F in S are generalized curves.

iv) ZpeSing(f}—S BBp(.T) z 0.
Then, N’ ® Ox(S) is holomorphically trivial.

Proof. Since every singularity of F in S is a non-dicritical generalized curve
and since every local separatrix of F through any p € Sing(F) N S is a local
branch of S we have GSV (F, S) = 0 (see [Br2]). Then, by condition i_ and
proposition 2.1, we obtain that BB(F) < S°.

On the other hand, if CS,(F, S) is the Camacho-Sad index associated to
the singularity p € S we have CS,(F,S) = BB,(F) (see [Br2]). Thus, by
condition iv_ and Camacho-Sad index theorem ([CS]), we conclude that S* <
BB(F). Hence c3(Ny) = BB(F) = §*.

Now, by (2.3), we obtain ¢;(N4)S = S 2. Therefore, we have the equalities

(N3 @ Ox(S)) =0 and ¢/ (N} ® Ox(5))S =0.

Then, by Hodge Index Theorem we get that ¢; (N3 @ Ox(S)) is homologous
to 0 in H?(X, Q). As consequence, for some m € N, mei(Ny ® Ox(S)) 1s
homologous to 0 in H?(X,Z). On the other hand, since H'(X,C) = 0 we
obtain that H' (X, Oyx) = 0 by the Hodge decomposition theorem. Therefore,
the first Chern class as an application from H (X, ©*) to H*(X, Z) is injective.
Thus m(Ny @ Ox(S)) 1s a holomorphically trivial line bundle and this implies
that N7 ® Ox(S) is a holomorphically trivial line bundle since H'(X, ©*) is a
torsion free group. U
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Remark 3.1. For the proof of the following lemma we recall that, by a theorem
of Kodaira, a compact complex surface is algebraic if, and only if, there exists a
holomorphic line bundle M with c% (M) > 0(see [BPV]page 126). Therefore, if
X is a compact algebraic surface with Picard group generated by the line bundle
£ we have c3(£) > 0.

Lemma3.3. Let X, 'F and S as the former lemma. Suppose that the Picard group
of X is isomorphicto Z., GSV(F, S) > 0and BB(F) < S%. Then, Nj*p R Ox(S)
is holomorphically trivial.

Proof. By Baum-Bott formula (2.2) we know that c%(Nf) = BB(J) and by
(2.3) c;(Ny)S > S%. Then

H(N% ® Ox(S)) = cj(Ny) + 8% = 2c1(N)S
<ci(Ny)—S$* <0

Hence, c%(NJ?Z ® Ox(S)) < 0. But then, we have Nj*p & Ox(S) = kL, where
k € Z and £ is a line bundle which generates Pic(X) as a group.

Now,
Kcl(L) = (N5 ® Ox(S)) < 0.

Then, k¥ = 0. Therefore N3 ® Ox(S) must be a holomorphically trivial line
bundle. 0

Before proving theorem A let us see a simple extension of theorem 1 in
[CL] to compact algebraic surfaces X with Picard group isomorphic to Z and
H'(X,C)=0.

Proposition 3.1. Let F be a holomorphic foliation on a compact algebraic
surface X with H' (X, C) = 0 and Pic(X) = Z. Let S be an invariant compact
curve with only nodal type singularities. If BB('F) < S?, then F is logarithmic.

Proof. Note that GSV (F, S) > 0 since S has only nodal type singularities
(this is consequence of, for example, the algebraic index formula given in [G]) .
Therefore lemma 3.3 together with lemma 3.1 give the proposition. O

Recall that a singularity is said non-degenerated if the linear part of the vector
field which locally induces the foliation has non-zero eigenvalues.

Corollary 3.1. Let F be a holomorphic foliation on a compact algebraic surface
X with HY(X, C) = 0 and Pic(X) = Z. Let S be an invariant compact curve
with only nodal type singularities. IfSing((F)NS = Sing(S) and the singularities
of F in S are non-degenerated, then F is logarithmic.
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Proof. By using the algebraic index formula given in [G] we get GSV (F, S) =
0. By remark 3.1 we see that S* > 0. Therefore by proposition2.1, BB(’F) < §°.
Now, by the former proposition we conclude that F is logarithmic. OJ

The next lemma will be used in the proof of theorem A. First let us introduce
some notation.

Let X be a compact algebraic surface and let S be a compact curve on X. Set
So = S, Xg = X and let S;,; be the strict transformed curve of S; by 7.1,
where ;| is the blow up of the surface X; with center p; € S;.

Let D; o be the exceptional line introduced in X; by 7;. Foreach j > i + 1 let
D; ;_; be the strict transform of D; o by the composition 7;j o ;4 p 0+ -0 7; :
X; — X;. Let §;; be the algebraic multiplicity of D;; in p;.;. Then, by
elementary properties of the blow up, rrl.*+k+1(D,~,k) = Djjy1+ 8 xDivi+1,0- In
fact, w/, ;| (Dix) = D+ 8y Diti11,0, Where D is the strict transform of D, ; by
711 (see [GH] page 475). On the other hand, since D; ; is the strict transform
of D; g by w41 omip 0+ - 0w we get that D is the strict transform of D, o by
4] Ot O+ Otk OTiqpr1. Thatis D = Dj .

Let us denote Dy := U, j— D; ;.

Lemma 3.4. Let X, S and D, be as above. Let F be a holomorphic foliation on
X with a singularity in py € S which is a generalized curve. In addition suppose
that any local separatrix of ‘T through py is a local branch of S. Then,

Ni ® Ox, (S, UD,) = (11 0+ 0 1) " (N5 ® Ox(S)),

where T, is the strict transformed foliation of F and S, is the strict transformed
curveof Sbymyo---om,.

Proof. We use the notation introduced in the above paragraph.

Set Fo := F and let F;,; be the strict transformed foliation of ‘F; by m;41,
wherei =0, ...,n — 1. We know that 7*(S;_1) = S; + p;—1 D; o , where p;_; is
the algebraic multiplicity of S;_; at p;_; (see [GH] page 475).

Since every local separatrix of F; through any p; € Sing(‘F;) N (S; U D;)
is a local branch of §; U D; and p; is a generalized curve, we have by [CLS]
theorem 3:

mp, +1=p; + Z d,; forevery i,
k+j=i,
k>1
where m,, is the algebraic multiplicity of ¥; at p; and §; ; is the algebraic
multiplicity of Dy ; in p 4.
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Now, we can prove the lemma by induction in the number of blow ups: If
n = ( there is nothing to prove. Let us suppose that the lemma is true for every
k < n and we will prove that it is also true for n.

N}, ® 0(8,) ® OUpy =Dy ) = i (N5 @ O(S, 1) ®
Q@ mp,_, — tn—1 + DDyo® OWUitjzn j=1Dij)
=7, Ny  ®@O(S,-1)) @ (mp, | — tn-1+1)Dpo®
® OWUig jmn, j>1{my (D; j—1) — 8i j—1 Dno})
=7, (N5 _, ®O(S,-1) ® OWUijn j=1Di j-1)) ®

® (mp,_ | — Mp—1 + 1 — Z 8i.j-1)Duo

it j=n,j>1
= JTIT(N;"_] Q O(S”,]) ® O(Ui+j:n—lDi,j))
=7y oM, o---o]tl*(N;O(X)O(SO)) O

Now, we can prove theorem A.

Proof of theorem A. It is well known that there exists a sequence of blow ups
at points of S

b4 1 ]
X, > X, — - =X —-X

such that SU D is a normal crossing divisor on X,,, where S is the strict transform
of § and D is the exceptional divisor introduced by the above sequence of blow
ups. Then, by the former lemma N} ® (9(5 UD) = (mj0---0 ﬂ,l)*(N; R O(S)).

Observe that GSV(F, S) = 0 and S? > 0 by [Br2] and remark 3.1, respec-
tively. Therefore, by proposition 2.1 we get that BB(F) < S°.

Now, by lemma 3.3 if we are in case i_, or by lemma 3.2 if we are in case
1i_, we get that N3 ® O(S) is holomorphically trivial. Thus, N;‘E ® (9(5’ U D)
is holomorphically trivial. Finally, by lemma 3.1, we get that /F is logarithmic
and this implies that F is logarithmic. U
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